Abstract. A notion of a coring extension is defined and it is shown to be equivalent to the existence of an additive functor between comodule categories that factorises through forgetful functors. This correspondence between coring extensions and factorisable functors is illustrated by functors between categories of descent data. A category in which objects are corings and morphisms are coring extensions is also introduced.
product over k. As a rule we do not decorate ⊗ between elements, unless there is a danger of confusion. For a k-algebra A, the category of right A-modules and right A-linear maps is denoted by M A . The product map in A is denoted by µ A : A⊗A → A and the unit (either as an element of A or as a k-linear map k → A) is denoted by 1 A . Given a k-algebra A, coproduct in an A-coring C is denoted by ∆ C : C → C⊗ A C, and the counit is denoted by ε C : C → A. We use the Sweedler sigma notation, i.e., for all c ∈ C, ∆ C (c) = c (1) ⊗c (2) , (∆ C ⊗ A C) • ∆ C (c) = (C⊗ A ∆ C ) • ∆ C (c) = c (1) ⊗c (2) ⊗c (3) ,
etc. The category of right C-comodules and right C-colinear maps is denoted by M C . For a right C-comodule M, ̺ M : M → M⊗ A C denotes a coaction. Recall that M C is built upon the category of right A-modules, in the sense that every right C-comodule is a right A-module, coactions and morphisms are right A-linear maps (with additional compatibility conditions). On elements, ̺ M is denoted by the Sweedler notation ̺ M (m) = m (0) ⊗m (1) (but see an exception in the proof of Theorem 2.5). Similar notational conventions apply to coalgebras and their comodules. A detailed account of the theory of corings and comodules can be found in [3] .
Extensions of corings and factorisable functors
Recall that, given an A-coring C and a B-coring D, a (C, D)-bicomodule is a left C-comodule that is at the same time a right D-comodule with C-colinear D-coaction. The C-colinearity of D-coaction is equivalent to D-colinearity of C-coaction. 
The map ν is called a C-measuring of B to A.
We illustrate the notion of a C-measuring with a number of examples.
Example 2.3.
(1) An algebra A, viewed as a trivial A-coring, measures B to A if and only if there is an algebra map B → A. (2) Given algebras A and B, let Σ be a (B, A)-bimodule that is finitely generated and projective as a right A-module and let C = Σ * ⊗ B Σ be the corresponding comatrix A-coring (cf. [4] ). Then C-measurings of B to A are in bijective correspondence with right B-module structures on M that make M a (B, B)-bimodule. (3) Given an algebra map ι : B → A, take C = A⊗ B A the canonical Sweedler coring.
Fix a left B-module structure on A provided by the map ι, i.e., ba := ι(b)a. Then C-measurings of B to A are in bijective correspondence with right B-module structures on A that make A a (B, B)-bimodule. (4) Let A be a k-algebra and C be a k-coalgebra with coproduct ∆ C and counit ε C .
If C = A⊗C is the coring associated to an entwining structure (A, C, ψ) then Cmeasurings of B to A are in bijective correspondence with entwined measurings in the sense of [7, Remark 2.2], i.e., with k-linear maps f : C⊗B → A making the following diagrams:
Proof.
(1) Writeν : B → A for the image of a left A-linear map ν : A⊗B → A under the isomorphism Hom A− (A⊗B, A) ≃ Hom k (B, A). A measuring ν is a left A-linear map, hence there is the correspondingν. Since the counit ε A is the identity map, the condition (a) in Definition 2.2 for ν is equivalent to the unitality ofν,ν(1 B ) = 1 A . Also the coproduct ∆ A is the identity map, so that the condition (b) in Definition 2.2 for ν is equivalent to the multiplicativity ofν.
(2) Recall from [4] that C = Σ * ⊗ B Σ is an A-coring with coproduct and counit, for
where {e i ∈ Σ, e * i ∈ Σ * } i is a finite dual basis of Σ A . Suppose that ν : Σ * ⊗ B Σ⊗B → A is a C-measuring of B to A. This means explicitly that, for all s ∈ Σ, s * ∈ Σ * and b, b ′ ∈ B,
Define a k-linear map
The condition ( * ) and the dual basis property imply that for all s ∈ Σ,
Furthermore, the use of property ( * * ) yields, for all s ∈ Σ and b, b
Thus we conclude that Σ is a right B-module with the multiplication
Conversely, suppose that Σ is a (B, B)-bimodule and define a left A-module map
This map is well-defined, since the right B multiplication on Σ is a left B-module map. Clearly, ν has the property ( * ) above. Furthermore, for all s ∈ Σ, s * ∈ Σ * and b, b
Therefore ν is a C-measuring as required. (3) This is a special case of (2), simply take Σ = A and view A as a left B-module via the map ι.
(4) Recall that an entwining structure consists of an algebra (A, µ A , 1 A ), a coalgebra (C, ∆ C , ε C ) and a k-linear map ψ : C⊗A → A⊗C satisfying a number of conditions (cf., e.g., [3, Section 32] ). In this case, C = A⊗C is an A-bimodule via a(a ′ ⊗c)a ′′ = aa ′ ψ(c⊗a ′′ ) and it has a coproduct and counit
c). In the view of the isomorphism Hom
With the help of this identification one immediately checks that the diagram (a) in Definition 2.2 for ν is equivalent to the first of diagrams in (3) for f . As to the second pair of diagrams, introduce the explicit notation ψ(c⊗a) = α a α ⊗c α , take any c ∈ C, b, b ′ ∈ B, use the diagram (b) in Definition 2.2 and the definition of the right A-multiplication on C to compute
This is exactly the contents of the second of the diagrams in (3). Similarly one proves that if f makes this diagram commutative, then also ν renders commutative the dia-
In particular, if in Example 2.3 (4) the trivial entwining ψ : C⊗A → A⊗C, c⊗a → a⊗c is taken, then C = A⊗C measures B to A if and only if C measures B to A in the sense of Sweedler [8, p. 138 ] (this justifies the choice of the name). Example 2.3 indicates that the notion of a coring measuring can be understood as one that unifies the notions of an algebra map, a bimodule structure and entwined measuring. The relationship between a measuring and a coring extension is revealed in the following Lemma 2.4. Let A, B be k-algebras and let C be an A-coring. Then the following statements are equivalent:
(1) There exists a right B-module structure on C such that C is an (A, B)-bimodule and the coproduct ∆ C is a B-linear map.
Proof. (1) ⇒ (2) Suppose that C is an (A, B)-bimodule with a B-linear coproduct ∆ C , and let ̺ C : C⊗B → C be the right B-multiplication.
The condition (a) in Definition 2.2 for ν follows then from the commutative diagram
in which the right upper triangle is commutative by the unitality of the multiplication ̺ C . Since ∆ C is a right B-module morphism,
is a commutative diagram. The right-hand triangle is simply the counit axiom. Note that the composition of maps in the bottow row equals C⊗ A ν. Since ̺ C is an associative multiplication and the above diagram commutes, we obtain the following commutative diagram
The outer rectangle in the above diagram is equivalent to the condition (b) in Definition 2.2 for ν = ε C • ̺ C . Thus we conclude that ν is a C-measuring of B to A as required.
(
Furthermore, the use of condition (b) (in the second equality below) gives, for all c ∈ C,
Thus C is a right B-module with the multiplication ̺ C . The map ̺ C is a composition of left A-linear maps, hence a left A-linear map, i.e., C is an (A, B)-bimodule. Finally, since the coproduct is a coassociative right A-linear map, for all b ∈ B and c ∈ C,
This means that the coproduct ∆ C is a right B-linear map as required. ⊔ ⊓
The main result of this note is contained in the following 
in M k . Putting these two together we obtain,
This means that the coaction ̺ C is a left C-comodule map, hence C is a (C, D)-bicomodule, i.e., D is a coring extension of C.
(1) ⇒ (2) Suppose that D is a coring extension of C and let ν : C⊗B → A be the measuring corresponding to the right B-multiplication on C as in Lemma 2. 
The second equality follows from the A-linearity of f , while the third one is a consequence of the fact that f is a C-comodule map. The first and last equalities follow from the definition of the B-multiplication ̺ M on M. Therefore, f is a right B-linear map, and thus we have constructed a functor M C → M B . Now we need to define a D-coaction on any C-comodule.
Start with the right C-comodule isomorphism M ≃ M2 C C (cf. [3, 22.4] ) provided by the right C-coaction on M. Here 2 C denotes the cotensor product over C. By applying the above functor M C → M B we obtain a right B-module isomorphism and we can construct a map
where
M is a right B-module map as a composition of B-module maps. Note that, for all m ∈ M,
so that ̺ M is a counital map. It remains to check the coassociativity of ̺ M . This is done by a rather lengthy but straightforward calculation, the details of which are displayed below (apologies to the reader). Take any m ∈ M and compute
[0]
(1) ε C (m (1) [0]
(2) )) [1] ⊗m (1)
(1) ⊗m (1)
The fourth equality is a consequence of the fact that C is a (C, D)-bicomodule. Thus ̺ M is a right D-coaction. We already know that if f : M → N is a morphism in M C , then f is a right B-module map. Take any m ∈ M and compute
where the second equality follows from the C-colinearity and the third one from the A-linearity of f . Thus f is a morphism of right D-comodules. Put together all this means that we have constructed a k-additive functor F : Given an algebra extension ι : B → A, the category of right comodules of the associated Sweedler coring C = A⊗ B A is isomorphic to the category of (right) descent data Desc(A|B) (cf. [3, 25.4] ). The objects in Desc(A|B) are pairs (M, f ), where M is a right A-module and f : M → M⊗ B A is a right A-module map rendering commutative the following diagrams (right) descent data of the ring extension B → A we can thus derive the following corollary of Theorem 2.5. (1) There exists a k-additive functor F : Desc(A|B) → Desc(B|D) with a factorisation property 
Proof. By Theorem 2.5, part (1) is equivalent to the statement that A⊗ B A is a right coring extension of B⊗ D B. The contents of this statement is contained in part (2) . We only explain the origin of maps and diagrams in part (2), the details of the proof are left to the reader. By 
where the first isomorphism is provided by the coaction ̺ C|D , while the second one is obtained with the help of the counit in D (compare the construction of coaction ̺ M in the proof of Theorem 2.5 (1) ⇒ (2)).
Finally, we would like to point out that the results of this note can also be presented for left comodules of a coring thus leading to the notion of a left coring extension. This is achieved by using the obvious left-right correspondence. Note, however, that a right coring extension is not necessarily a left coring extension, thus the left-right symmetry that exists for characterisation of algebra (or coalgebra) extensions does not exist in the general coring case.
